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Abstract
Two-component Fermi gases with tunable repulsive or attractive interactions inside quasi-one-
dimensional (Q1D) harmonic wells may soon become the cleanest laboratory realizations of strongly
correlated Luttiger and Luther-Emery liquids under confinement. We present a microscopic Kohn-
Sham density-functional theory of these systems, with specific attention to a gas on the approach to
a confinement-induced Feshbach resonance. The theory employs the one-dimensional Gaudin-Yang
model as the reference system and transfers the appropriate Q1D ground-state correlations to the
confined inhomogeneous gas via a suitable local-density approximation to the exchange and cor-
relation energy functional. Quantitative understanding of the role of the interactions in the bulk
shell structure of the axial density profile is thereby achieved. While repulsive intercomponent
interactions depress the amplitude of the shell structure of the noninteracting gas, attractive in-
teractions stabilize atomic-density waves through spin pairing. These should be clearly observable
in atomic clouds containing of the order of up to a hundred atoms.
PACS numbers: 03.75.Ss,71.15.Mb,71.10.Pm
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I. INTRODUCTION
Ultracold atomic gases, which are highly tunable and ideally clean, are attracting a great
deal of interdisciplinary interest. In particular their study may help us understand a number
of phenomena that have been predicted in solid-state and condensed-matter physics [1]. Sev-
eral effects, known in these subfields of physics for decades, have already been observed and
quantitatively analyzed in ultracold atomic gases. Three beautiful examples are the Bloch
oscillations under an applied force in a one-dimensional (1D) optical lattice [2], the forma-
tion of highly ordered Abrikosov lattices of vortices in rapidly rotating harmonic traps [3],
and the superfluid-to-Mott insulator transition of a condensate in a 3D optical lattice [4].
Cold atoms have also been successfully trapped in low-dimensional geometries [5]. Typical
1D quantum phenomena have already been observed in both Bose and Fermi gases. For
instance, in the work of Paredes et al. [5] and of Kinoshita et al. [5] a 87Rb gas has been
used to realize experimentally a Tonks-Girardeau system [6]. The more recent preparation of
two-component Fermi gases in a quasi-1D (Q1D) geometry [7] provides a unique possibility
to experimentally study phenomena that were predicted a long time ago for electrons in a
1D solid-state environment, such as spin-charge separation in Luttinger liquids [8, 9] and
charge-density waves in Luther-Emery liquids [10]. The experiment by Moritz et al. [7] also
offers the opportunity of testing a Q1D integrable model of the BCS-BEC crossover [11, 12],
which is based on the idea of a confinement-induced resonance (CIR) [13].
In [11, 12] the gas has been assumed to be translationally invariant along the axial
direction, and thus the authors have been able to provide an analytical description of the
crossover by employing the exact Bethe-Ansatz (BA) solution of the homogenous Gaudin-
Yang model (HGYM) [14] and of the homogeneous Lieb-Liniger model [15]. The present
work focuses instead on inhomogeneous Q1D Fermi gases inside highly elongated harmonic
traps and treats the axial confinement by means of the Hohenberg-Kohn-Sham density-
functional theory (DFT) [9, 16]. With a few exceptions [17, 18, 19, 20], most applications
of DFT have used so far as the underlying reference fluid the homogeneous electron gas,
which is a normal Fermi liquid over a wide range of density. In our present study we use the
HGYM as the reference fluid, in order to transfer to the inhomogeneous gas the Luttinger
and Luther-Emery 1D correlations.
It is appropriate at this point to refer to related theoretical studies dealing with Q1D
inhomogeneous Fermi gases [21, 22, 23, 24]. In Ref. [21] a bosonization technique has
been used to calculate analytically the density profile, the momentum distribution, and sev-
eral correlation functions of two-component Fermi gases with inclusion of intercomponent
forward-scattering processes. In Refs. [22, 23, 24] the Thomas-Fermi approximation (see
the discussion in Sect. IIA below) and the so-called inhomogeneous Tomonaga-Luttinger
liquid model have been used to calculate the density profile of a large system and to discuss
spin-charge separation in two-component Fermi gases. In the present work we perform mi-
croscopic calculations of the ground-state (GS) density profile of systems with arbitrary size,
without having to assume neither peculiar intercomponent interactions (as in the bosoniza-
tion scheme of Ref. [21]) nor very large atom numbers (as in Refs. [22, 23, 24]). We give a
fully quantitative study of how exchange and correlations modify the bulk shell structure of
the axial density profile. In particular we show that for sufficiently strong attractive interac-
tions, experimentally detectable atomic-density waves (ADWs) are formed by spin pairing
along the axial direction, which should be clearly observable in systems with a relatively low
number of atoms (Nf <∼ 100). These the oversimplified Thomas-Fermi treatments cannot
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predict.
The contents of the paper are briefly as follows. In Sect. II we introduce the Hamilto-
nian that we have used to describe the system of present physical interest, summarize the
properties of the model in the absence of external potentials, and describe the self-consistent
DFT scheme that we have used to deal with the inhomogeneity. In Sect. III we report and
discuss our main numerical results and finally in Sect. IV we draw our main conclusions.
An Appendix contains the exact solution of the inhomogeneous model for two atoms only,
which is used in the main text for a test of the local density approximation in the extreme
limit of low particle numbers.
II. THEORETICAL APPROACH
We consider a two-component Fermi gas with Nf atoms confined inside a strongly elon-
gated harmonic trap. The two species of fermionic atoms are assumed to have the same
mass m and different pseudospin σ, σ =↑ or ↓. The trapping potential is axially symmetric
and is characterized by angular frequencies ω⊥ and ω‖ in the radial and the longitudinal
directions, with ω‖ ≪ ω⊥. Correspondingly we introduce the harmonic-oscillator lengths
a⊥ =
√
~/(mω⊥) and a‖ =
√
~/(mω‖).
The gas is dynamically 1D if the anisotropy parameter of the trap is much smaller than
the inverse atom number, ω‖/ω⊥ ≪ N−1f . It can thus be described by the Hamiltonian [24]
H = − ~
2
2m
Nf∑
i=1
∂2
∂z2i
+ g1D
N↑∑
i=1
N↓∑
j=1
δ(zi − zj) + Vext , (1)
neglecting intracomponent p-wave interactions. Here,
g1D =
2~2a3D(B)
ma2⊥
1
1−Aa3D(B)/a⊥ (2)
is the effective 1D Olshanii coupling parameter [13], with A = |ζ(1/2)|/√2 ≃ 1.0326 and
ζ(x) being the Hurwitz zeta function, and Vext =
∑Nf
i=1 Vext(zi) = (mω
2
‖/2)
∑Nf
i=1 z
2
i is the
external static potential associated with the axial confinement. The 3D scattering length
a3D can be tuned by means of a magnetic field B and has the resonant structure a3D(B) =
abg[1− δB/(B−BF)], BF being the position of a Feshbach resonance, δB its width, and abg
the so-called background scattering length [7].
Choosing the harmonic-oscillator length a‖ as unit of length and the harmonic-oscillator
quantum ~ω‖ as unit of energy, the Hamiltonian (1) can be shown to be governed by the
dimensionless coupling parameter
λ =
g1D
a‖~ω‖
. (3)
The parameter λ diverges at the CIR, i.e. when the external magnetic field takes the value
B⋆ = BF − δB(a⋆3D/abg − 1)−1 with a⋆3D = a⊥/A. The coupling parameter is negative for
B⋆ < B < BF + δB and positive everywhere else. At the 3D Feshbach resonance, i.e. when
B = BF, the coupling parameter has the finite value λ
F = −2a‖/(Aa⊥). In Fig. 1 we show
the dependence of λ on the magnetic field B.
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For B > B⋆ and Vext = 0 the Hamiltonian (1) reduces to the HGYM, which can be solved
exactly by means of the BA technique for both repulsive (g1D > 0) and attractive (g1D < 0)
interactions [14]. In the thermodynamic limit (Nf , L→∞, L being the system size) and for
a pseudospin-compensated system (N↑ = N↓), the properties of the HGYM are determined
by the linear density n = Nf/L and by the effective coupling g1D. These can be conveniently
combined into a single dimensionless parameter γ = mg1D/(~
2n).
The energy per atom can be written in terms of the “momentum distribution” ρ(k) as
εGS(n, g1D) =
εb
2
+
2piν
n
∫ +Q
−Q
dk
2pi
~
2k2
2m
ρ(k) , (4)
where εb = 0, ν = 1 for g1D > 0 and εb = −mg21D/(4~2), ν = 2 for g1D < 0. The function ρ(k)
can be calculated by solving the Gaudin-Yang BA integral equation [14],
ρ(k) =
ν
2pi
+
ν
γn
∫ +Q
−Q
dq
2pi
K (2(k − q)/(γn)) ρ(q) , (5)
where Q is determined by the normalization condition∫ +Q
−Q
ρ(k)dk =
n
ν
(6)
and the kernel K(x) is given by
K(x) =


∫ +∞
−∞
dy
sech(piy/2)
[1 + (x+ y)2]
for g1D > 0
1
1 + x2/4
for g1D < 0
. (7)
For g1D > 0 the HGYM describes a Luttinger liquid [8, 9], while for g1D < 0 it describes a
Luther-Emery liquid [10].
Before proceeding to discuss the properties of the inhomogeneous model under confine-
ment, we should stress that Eq. (4)-(6) describe the homogeneous limit of the model only
for B > B⋆, i.e. before the CIR. After the CIR, as discussed in Refs. [11, 12], the fermion
pairs become unbreakable spin-singlet dimers, behaving like bosons with mass 2m and den-
sity n/2. Thus the appropriate homogeneous limit for B < B⋆ is the Lieb-Liniger gas of
interacting bosons [15], and one should resort in treating inhomogeneity to a DFT approach
such as that proposed by Griffin [17] (see also the work of Oliveira et al. [17]).
A. Density-functional theory of Q1D gas in the Kohn-Sham scheme
In the presence of a longitudinal external potential the Hamiltonian H in Eq. (1) cannot
be diagonalized exactly. We calculate the GS properties of H for B > B⋆ by resorting to
the fermionic DFT scheme [9, 16].
Within the Kohn-Sham version of DFT the GS density, nGS(z) = 〈GS|
∑
i δ(z − zi)|GS〉,
can be calculated by solving self-consistently the Kohn-Sham-Schro¨dinger (KSS) equa-
tions [16], [
− ~
2
2m
∂2
∂z2
+ VKS(z; [nGS(z)])
]
ϕα(z) = εαϕα(z) (8)
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with VKS(z; [nGS(z)]) = vH(z; [nGS(z)]) + vxc(z; [nGS(z)]) + Vext(z), together with the closure
nGS(z) =
∑
α,occ.
Γα |ϕα(z)|2 . (9)
Here the sum runs over the occupied orbitals and the degeneracy factors Γα satisfy the sum
rule
∑
α Γα = Nf . The first term in the effective Kohn-Sham potential VKS is the Hartree
term vH = g1DnGS(z), while the second term is the exchange-correlation (xc) potential defined
as the functional derivative of the xc energy Exc[n(z)] evaluated at the GS density profile,
vxc = δExc[n(z)]/δn(z)|GS. The total GS energy of the system is given by
EGS[nGS(z)] =
∑
α
Γαεα −
∫ +∞
−∞
dz vxc(z; [nGS(z)])nGS(z)
− g1D
2
∫ +∞
−∞
n2
GS
(z)dz + Exc[nGS(z)] . (10)
Equations (8) and (9) provide a formally exact scheme to calculate nGS(z) and EGS, but
Exc and vxc need to be approximated. The local-density approximation (LDA) has been
shown to provide an excellent description of the GS properties of a variety of inhomogeneous
systems [9, 16]. In the following we employ a BA-based LDA (BALDA) functional [19, 20]
for the xc potential,
vBALDAxc (z; [nGS(z)]) = v
hom
xc (n, g1D)
∣∣
n→nGS(z)
. (11)
Here the xc potential of the HGYM is defined by
vhomxc (n, g1D) =
∂
∂n
[nεGS(n, g1D)− nκ(n)]− ng1D , (12)
κ(n) = pi2~2n2/(24m) being the kinetic energy of the noninteracting gas per atom.
Before discussing specific calculations of the xc potential of the HGYM, several important
remarks are in order at this point:
(i) In the limit λ = 0 the KSS equations correctly yield the GS density profile of a
noninteracting paramagnetic Fermi gas,
nGS(z)|λ=0 =
2
a‖
√
pi
exp (−z2/a2‖)
Nf/2−1∑
n=0
H2n(z/a‖)
2nn!
, (13)
given in terms of the Hermite polynomials Hn(x) of degree 0 ≤ n ≤ Nf/2− 1. This density
profile exhibits a shell structure characterized by Nf/2 oscillations, whose origin lies in the
fermionic statistical correlations: the occupation probability P(n) = ∑σ〈cˆ†n,σcˆn,σ〉 of the
1D harmonic-oscillator states is unity for 0 ≤ n ≤ Nf/2 − 1 and zero for n ≥ Nf/2. The
existence of this sharp “Fermi edge” is ultimately responsible for the bulk shell structure,
which is analogous to the Friedel oscillations originating in a normal Fermi liquid from the
sharply defined Fermi surface [9]. The occupation probabilities and the shell structure are
expected to be strongly affected by many-body xc effects (see Sect. III below).
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(ii) In the limit λ = +∞ the GS density profile should become that of a fully spin-
polarized noninteracting Fermi gas,
nGS(z)|λ=+∞ =
1
a‖
√
pi
exp (−z2/a2‖)
Nf−1∑
n=0
H2n(z/a‖)
2nn!
, (14)
exhibiting a shell structure characterized by Nf oscillations [25]. This asymptotic property
can be checked explicitly for Nf = 2 (see the Appendix) and originates from the fact that an
infinitely strong repulsion between antiparallel-pseudospin atoms in 1D acts like the Pauli
principle between parallel-pseudospin atoms [22, 24]. The present formalism does not apply
to such a strong coupling regime (note also that for B > B⋆ the value of λ is bounded from
above).
(iii) The main difference between the present BALDA scheme and the Thomas-Fermi
approach is that in the latter [22, 23, 24] the LDA is also used to approximate the nonin-
teracting kinetic energy functional Ts[nGS(z)], which is written as
TTF[nGS(z)] =
∫ +∞
−∞
[nκ(n)]n→nGS(z)dz . (15)
The (Hohenberg-Kohn) Thomas-Fermi equation reads
∂[nκ(n)]
∂n
∣∣∣∣
n→nGS(z)
+ VKS(z; [nGS(z)]) = constant , (16)
the constant being fixed by normalization. The Thomas-Fermi profile misses the shell struc-
ture as well as atom tunnel beyond the Thomas-Fermi radius ZTF. In our approach, instead,
Ts[nGS(z)] is treated exactly through the Kohn-Sham mapping
Ts[nGS(z)] = − ~
2
2m
∑
α
∫ +∞
−∞
ϕ⋆α(z)
∂2
∂z2
ϕα(z)dz , (17)
the single-particle orbitals ϕα(z) = ϕα(z; [nGS(z)]) being unique functionals of the GS den-
sity [9, 16].
B. The exchange-correlation potential
In what follows we propose two different ways to calculate the xc potential of the HGYM.
1. BALDA/1
The potential vhomxc (n, g1D) can be calculated by applying its definition (12) directly to
Eqs. (4)-(6). It is easy to show that the xc potential of the HGYM is exactly given by the
following equation,
vhomxc (n, g1D) =
εb
2
+ 2ν
~
2Q2
2m
ρ(Q)
∂Q
∂n
+ 2piν
∫ +Q
−Q
dk
2pi
~
2k2
2m
∂ρ(k)
∂n
− pi
2
8
~
2n2 − ng1D , (18)
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where ∂nQ and ∂nρ satisfy the coupled BA equations
∂ρ(k)
∂n
=
ν
2piγn
[K (2(k −Q)/(γn)) +K (2(k +Q)/(γn))] ∂Q
∂n
+
ν
γn
∫ +Q
−Q
dk′
2pi
K (2(k − k′)/(γn)) ∂ρ(k
′)
∂n
(19)
and
2ρ(Q)
∂Q
∂n
+
∫ +Q
−Q
∂ρ(k)
∂n
dk =
1
ν
. (20)
An accurate numerical solution of these coupled BA equations leads to the exact xc potential
of the HGYM.
The results for nGS(z) that are obtained with v
hom
xc (n, g1D) determined according to this
route will be termed with the acronym BALDA/1.
2. BALDA/2
As an alternative vhomxc (n, g1D) can also be calculated from accurate analytical parametriza-
tions of the GS energy of the HGYM, which incorporate exactly known limiting behaviors
both at weak and strong coupling. This route will reduce the numerical effort and affords a
test of the sensitivity of the results to the details of the implementation of the theory.
Let us introduce the Fermi wave number kF = pin/2 and the Fermi energy εF =
~
2k2F/(2m). For repulsive interactions we find that the GS energy of the HGYM in units of
the Fermi energy, e = εGS/εF , can be very accurately parametrized by the simple formula
e(x > 0) =
4x2/3 + apx+ bp
x2 + cpx+ dp
, (21)
where x = 2γ/pi, ap = 5.780126, bp = −(8/9) ln 2 + piap/4, cp = (8/pi) ln 2 + 3ap/4, and
dp = 3bp. Equation (21) embodies the exact behaviors [24]
e(x) =


1/3 + x/pi + ... forx→ 0+
4/3− 32 ln 2/(3pix) + ... forx→ +∞
. (22)
The fitting formula (21) is compared with the exact BA results in Fig. 2 (top). Note that
in the weak coupling limit our formula gives e(x → 0+) = 1/3 + x/pi − 0.080x2, where the
coefficient of the x2 differs by about 4% from the exact value determined by Magyar and
Burke [18] by diagrammatic perturbation theory. On the other hand, the parametrization
formula proposed by Magyar and Burke [18] incorporates exactly this second-order weak-
coupling term, but violates the strong-coupling asymptotic result in Eq. (22). In fact,
the Magyar-Burke coefficient of the 1/x term, c−1 = −1.829, differs from the exact value
c−1 = −32 ln 2/(3pi) by about 22%.
Turning to the case of attractive interactions, we find the following parametrization for-
mula to be very accurate:
e(x < 0) =
1
3
− |x|
pi
−A(|x|)x
2
4
(23)
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where the function A(x), which modulates the amplitude of the strong-coupling term −x2/4,
is given by
A(x) = x
2 + amx+ bm
x2 + cmx+ dm
(24)
with am = −0.331117, bm = 0.458183, cm = am + 4/pi, and dm = 4am/pi + bm + 16/pi2 − 1.
Equation (23) embodies the exact asymptotic behaviors [24]
e(x) =


1/3 + x/pi + ... forx→ 0−
−x2/4 + 1/12 + ... forx→ −∞
. (25)
Equation (23) is compared with the exact BA results in Fig. 2 (bottom).
The xc potential can be calculated analytically using its definition in Eq. (12) applied
to Eqs. (21) or (23). The results for nGS(z) that are obtained with v
hom
xc (n, g1D) determined
according to this parametrization procedure will be termed with the acronym BALDA/2.
III. NUMERICAL RESULTS
We proceed to illustrate our main numerical results, which are summarized in Figs. 3-8.
In Fig. 3 we show the GS density profile of a Fermi gas with Nf = 10 atoms at λ = +2
and −2. Repulsive interactions depress the amplitude of the shell structure, while attractive
interactions enhance the oscillations of the profile leading to an ADW with Nf/2 distinct
maxima related to the formation of Nf/2 spin pairs. The two BALDA schemes that we
have proposed are in excellent agreement with each other, showing no visible difference on
the scale of the figure. In Fig. 4 we report a summary of our BALDA/1 results for the GS
density profiles of a paramagnetic Fermi gas with Nf = 10 atoms for increasing repulsive or
attractive interactions.
The shell structure is also sensitive to the system size, with larger clouds tending to have
a relatively weaker structure. In Fig. 5 we show the GS density profile of a cloud with
Nf = 20 atoms at λ = +2 and −2. Comparing this figure with Fig. 3 it is clear that the
amplitude of the oscillations is decreasing with increasing Nf . In particular for Nf = 50
atoms at λ = +2 (see Fig. 6, top) the Thomas-Fermi results are a good representation of
the actual density profile, except at the edges of the cloud. On the other hand, for the same
system size attractive interactions at λ = −2 lead to a still clearly visible ADW, though this
is absent in the Thomas-Fermi theory (see Fig. 6, bottom).
Finally, the problem of two atoms with opposite pseudospins in Q1D harmonic confine-
ment is exactly solvable (see Appendix). A priori we do not expect an LDA approach to
be applicable to such a small system, but from Fig. 7 it is seen that the BALDA scheme
still yields some reasonable results for both repulsive and attractive interactions. For strong
repulsive interactions it is not able to reproduce the formation of a hole at the center of the
trap (see the discussion under point (ii) of the previous Section), while in the case of strong
attractive interactions it overestimates the value of the density in the same region (see Fig. 7).
The method is nevertheless usefully reliable for the GS energy over a wide range of values of
λ (see Fig. 8): for instance, at λ = −30 we find EBALDA
GS
/(Nf~ω‖) = −224.810 as compared to
the exact value EGS/(Nf~ω‖) = −224.499, and at λ = +30 we find EBALDAGS /(Nf~ω‖) = +1.01
as compared to the exact value EGS/(Nf~ω‖) = +0.975.
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IV. SUMMARY AND CONCLUSIONS
In summary, we have presented a novel Kohn-Sham DFT study of two-component Fermi
gases with repulsive or attractive intercomponent interactions in Q1D harmonic traps. The
present BALDA theory, which is expected to be accurate in a weak-to-intermediate range
of coupling strength, provides a quantitative microscopic understanding of how many-body
exchange and correlations modify the bulk shell structure of the ground-state density profile.
Repulsive intercomponent interactions depress the amplitude of the shell structure while
attractive interactions stabilize atomic-density waves through Luther-Emery spin pairing.
Such atomic-density waves should be observable in gaseous clouds containing of the order
of up to 100 atoms, a suitable experimental technique being the search for satellites in the
elastic diffraction pattern as discussed in Ref. [20]. It would also be important to re-examine
numerically these GS exchange and correlation properties in relatively small systems with
Nf <∼ 10 atoms by exact-diagonalization or Quantum Monte Carlo methods.
The present work can be extended in several directions. For instance, it would be in-
teresting to generalize the present scheme to the composite-boson region B < B⋆ in order
to have a DFT treatment of the BCS-BEC crossover in the presence of axial confinement,
generalizing the theories by Fuchs et al. [11] and by Tokatly [12]. Secondly, it would be
interesting to study dynamical phenomena such as spin-charge separation in these strongly
correlated gases using time-dependent DFT and/or current-DFT [9, 26], instead of resorting
to the inhomogeneous Tomonaga-Luttinger liquid model [22, 23]. From a more formal DFT
viewpoint, a functional better than in Eq. (11) is desirable and necessary to deal with the
strong coupling regime.
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APPENDIX: EXACT SOLUTION OF THE TWO-ATOM PROBLEM
The problem of two antiparallel-spin fermions interacting with a zero-range delta-function
potential in 1D is exactly solvable thanks to the separation of centre-of-mass and relative
variables, which is allowed by the harmonic trapping potential. Performing a canonical
transformation to centre-of-mass (Z = (z1 + z2)/2, P = p1 + p2) and relative (zrel = z1 −
z2, p = (p1 − p2)/2) coordinates and momenta, the Hamiltonian can be written as H =
HCM(Z, P )+Hrel(zrel, p). Here, the centre-of-mass HamiltonianHCM = P 2/(2M)+Mω2‖Z2/2
describes a free particle of mass M = 2m in a 1D harmonic oscillator, while the relative-
motion Hamiltonian Hrel = p2/(2µ) + V(zrel) describes a free particle of mass µ = m/2 in
the potential V(zrel) = µω2‖z2rel/2 + g1Dδ(zrel).
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The spatial part of the GS wavefunction can thus be written as
ΨGS(z1, z2) = N exp (−Z2/a2‖)ϕ(0)rel (zrel) , (A.1)
where N is a normalization constant and ϕ(0)rel (zrel) is the GS wavefunction of the relative-
motion problem with energy ε0. Introducing the dimensionless coordinate z¯rel = zrel/a‖, the
Schro¨dinger equation for the relative motion reads
[
− d
2
dz¯2rel
+
1
4
z¯2rel + λδ(z¯rel)
]
ϕ
(n)
rel (z¯rel) = ε¯nϕ
(n)
rel (z¯rel) , (A.2)
where ε¯n = εn/(~ω‖). Due to the antisymmetric (spin-singlet) nature of the spinorial part
of the GS wavefunction, we need to search for the lowest (n = 0) even eigensolution of
Eq. (A.2).
The singular delta-function term in Eq. (A.2) imposes a cusp on the wavefunctions at
the origin,
lim
z¯rel→0+
∂ϕ
(n)
rel (z¯rel)
∂z¯rel
− lim
z¯rel→0−
∂ϕ
(n)
rel (z¯rel)
∂z¯rel
= λϕ
(n)
rel (z¯rel = 0) . (A.3)
Eq. (A.2) is then recognized to be the differential equation that defines the Parabolic Cylin-
der Functions [28]. The even solutions with the proper asymptotic behavior are [27, 28]
ϕ
(n)
rel (z¯rel) = Dε¯n−1/2(|z¯rel|) , (A.4)
Da(x) being a Whittaker function. Using the following properties of the Whittaker func-
tion [28],
ϕ
(n)
rel (z¯rel = 0) =
√
pi
2−ε¯n/2+1/4Γ(3/4− ε¯n/2) (A.5)
and
lim
z¯rel→0+
∂ϕ
(n)
rel (z¯rel)
∂z¯rel
= −
√
pi
2−ε¯n/2−1/4Γ(1/4− ε¯n/2) (A.6)
together with
lim
z¯rel→0−
∂ϕ
(n)
rel (z¯rel)
∂z¯rel
= − lim
z¯rel→0+
∂ϕ
(n)
rel (z¯rel)
∂z¯rel
, (A.7)
it is easy to show that Eq. (A.3) becomes the trascendental equation
Γ(3/4− ε¯n/2)
Γ(1/4− ε¯n/2) = −
λ
2
√
2
. (A.8)
Here Γ(x) is the Euler Gamma function. This equation implicitly defines the function ε¯n(λ).
The l.h.s. of Eq. (A.8) is shown in Fig. 9 as a function of −ε¯n. The GS energy per atom is
given by EGS/(Nf~ω‖) = 1/4 + ε¯0(λ)/2 and is shown in Fig. 8 as a solid line.
Some limiting behaviors of the function ε¯0(λ) can be established analytically from the
properties of the Gamma function. We find
ε¯0(λ→ 0) = 1
2
+
λ√
2pi
− λ
2
2pi
ln 2 + ... (A.9)
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in the weak coupling limit,
ε¯0(λ→ +∞) = 3
2
− 2
√
2
pi
1
λ
− 8
pi
(ln 2− 1) 1
λ2
+ ... (A.10)
in the strong repulsion limit, and
ε¯0(λ→ −∞) = −λ
2
4
− 1
2λ2
+
9
2λ6
+ ... (A.11)
in the strong attraction limit.
The GS density profile can be found from
nGS(z) =
∫ +∞
−∞
dz′ |ΨGS(z, z′)|2 . (A.12)
The normalization constant N is chosen according to ∫ +∞
−∞
dz nGS(z) = 2, i.e.
N 2 = 2
3/2/(
√
pia‖)∫ +∞
−∞
dzrel|ϕ(0)rel (zrel)|2
(A.13)
where [29]
∫ +∞
−∞
dzrel|ϕ(n)rel (zrel)|2 =
√
pi
2
a‖
ψ(3/4− ε¯n/2)− ψ(1/4− ε¯n/2)
Γ(1/2− ε¯n) , (A.14)
with ψ(x) = d ln Γ(x)/dx. The relation (A.14) holds unless ε¯n = n+1/2 with n = 0, 1, 2, ...,
when one has to use the result [29]
∫ +∞
0
dz¯rel|Dn(z¯rel)|2 =
√
pi
2
n! . (A.15)
For instance, in the case λ = +∞ we find ε¯0 = 3/2, ϕ(0)rel (z¯rel) = |z¯rel| exp (−z¯2rel/4), N 2 =
2/(pia2‖) and
nGS(z)|λ=+∞ =
[
1 + 2(z/a‖)
2
] 1√
pia‖
exp (−z2/a2‖) . (A.16)
This result has form given in Eq. (14).
[1] J.I. Cirac and P. Zoller, Science 301, 176 (2003).
[2] M. Ben Dahan et al., Phys. Rev. Lett. 76, 4508 (1996); E. Peik et al., Phys. Rev. A 55, 2989
(1997); B.P. Anderson and M.A. Kasevich, Science 282, 1686 (1998); S. Burger et al., Phys.
Rev. Lett. 86, 4447 (2001); O. Morsch et al., ibid. 87, 140402 (2001); G. Roati et al., ibid. 92,
230402 (2004).
11
[3] K.W. Madison et al., Phys. Rev. Lett. 84, 806 (2000); J.R. Abo-Shaeer et al., Science 292,
476 (2001); P.C. Haljan et al., Phys. Rev. Lett. 87, 210403 (2001); E. Hodby et al., ibid. 88,
010405 (2002); I. Coddington et al., ibid. 91, 100402 (2003); V. Schweikhard et al., ibid. 92,
040404 (2004).
[4] M. Greiner et al., Nature 415, 39 (2002).
[5] M. Greiner et al., Phys. Rev. Lett. 87, 160405 (2001); H. Moritz et al., ibid. 91, 250402 (2003);
T. Sto¨ferle et al., ibid. 92, 130403 (2004); B.L. Tolra et al., ibid. 92, 190401 (2004); B. Paredes
et al., Nature 429, 277 (2004); T. Kinoshita, T. Wenger, and D.S. Weiss, Science 305, 1125
(2004).
[6] M. Girardeau, J. Math. Phys. 1, 516 (1960).
[7] H. Moritz et al., Phys. Rev. Lett. 94, 210401 (2005).
[8] F.D.M. Haldane, J. Phys. C 14, 2585 (1981) and Phys. Rev. Lett. 47, 1840 (1981); J. Voit,
Rep. Prog. Phys. 57, 977 (1994); H.J. Schulz, G. Cuniberti, and P. Pieri, in Field Theories for
Low-Dimensional Condensed Matter Systems, edited by G. Morandi et al. (Springer, Berlin,
2000).
[9] G.F. Giuliani and G. Vignale, Quantum Theory of the Electron Liquid (Cambridge University
Press, Cambridge, 2005).
[10] A. Luther and V.J. Emery, Phys. Rev. Lett. 33, 589 (1974); V.J. Emery, in Highly Conducting
One-Dimensional Solids, edited by J.T. Devreese, R.P. Evrard, and V.E. van Doren (Plenum,
New York, 1979).
[11] J.N. Fuchs, A. Recati, and W. Zwerger, Phys. Rev. Lett. 93, 090408 (2004).
[12] I.V. Tokatly, Phys. Rev. Lett. 93, 090405 (2004).
[13] M. Olshanii, Phys. Rev. Lett. 81, 938 (1998); T. Bergeman, M.G. Moore, and M. Olshanii,
ibid. 91, 163201 (2003).
[14] M. Gaudin, Phys. Lett. 24A, 55 (1967); C.N. Yang, Phys. Rev. Lett. 19, 1312 (1967).
[15] E.H. Lieb and W. Liniger, Phys. Rev. 130, 1605 (1963).
[16] W. Kohn, Rev. Mod. Phys. 71, 1253 (1999); R.M. Dreizler and E.K.U. Gross, Density Func-
tional Theory (Springer, Berlin, 1990).
[17] L.N. Oliveira, E.K.U. Gross, and W. Kohn, Phys. Rev. Lett. 60, 2430 (1988); A. Griffin, Can.
J. Phys. 73, 755 (1995); W. Kohn and A.E. Mattsson, Phys. Rev. Lett. 81, 3487 (1998); S.Y.
Savrasov and G. Kotliar, Phys. Rev. B 69, 245101 (2004); Y.E. Kim and A.L. Zubarev, Phys.
12
Rev. A 70, 033612 (2004).
[18] R.J. Magyar and K. Burke, Phys. Rev. A 70, 032508 (2004).
[19] N.A. Lima et al., Phys. Rev. Lett. 90, 146402 (2003).
[20] Gao Xianlong et al., cond-mat/0506570.
[21] Gao Xianlong and W. Wonneberger, Phys. Rev. A 65, 033610 (2002) and J. Phys. B 37, 2363
(2004); see also F. Gleisberg and W. Wonneberger, J. Phys. B 37, S59 (2004).
[22] A. Recati et al., Phys. Rev. Lett. 90, 020401 (2003) and J. Opt. B 5, S55 (2003).
[23] L. Kecke, H. Grabert, and W. Ha¨usler, Phys. Rev. Lett. 94, 176802 (2005).
[24] G.E. Astrakharchik et al., Phys. Rev. Lett. 93, 050402 (2004).
[25] P. Vignolo, A. Minguzzi, and M.P. Tosi, Phys. Rev. Lett. 85, 2850 (2000); M. Brack and B.P.
van Zyl, ibid. 86, 1574 (2001); E.J. Mueller, ibid. 93, 190404 (2004).
[26] G. Vignale and W. Kohn, Phys. Rev. Lett. 77, 2037 (1996); G. Vignale, C.A. Ullrich, and
S. Conti, ibid. 79, 4878 (1997); G. Vignale and W. Kohn, in Electronic Density Functional
Theory, Recent Progress and New Directions, edited by J. Dobson, G. Vignale, and M.P. Das
(Plenum, New York, 1998) p. 199.
[27] Th. Busch and C. Huyel, J. Phys. B 36, 2553 (2003).
[28] Handbook of Mathematical Functions, edited by M. Abramowitz and I.A. Stegun (Dover, New
York, 1964).
[29] I.S. Gradshteyn and I.M. Ryzhik, Table of Integrals, Series, and Products (Academic, San
Diego, 2000), 6th Edition, p. 835.
13
FIGURES
14
-10
-5
0
5
10
15
20
25
30
0.0 0.5 B⋆/BF 1.5 2.0
λ
B/BF
CIR
−140
−80
−40
0
1.0
λ
B/BF
Feshbach
FIG. 1: The dimensionless coupling parameter λ as a function of the magnetic field B (in units
of the Feshbach resonance field BF). Here we have chosen the following values for the relevant
parameters: m = 6.642×10−26 Kg (mass of a 40K atom), ω⊥ = 2pi ×100 kHz and ω‖ = 2pi ×200Hz
(the anisotropy parameter of the trap is 2× 10−3), BF = 202.1G, δB = 7.8G, and abg = 174 Bohr
radii. For these parameters B⋆ = 0.991BF. At the 3D Feshbach resonance λ
F = −43.309 (see
inset).
15
1/3
2/3
1
4/3
0 10 20 30 40 50
ε G
S
/ε
F
2γ/pi
EXACT
−650
−300
−100
0
−55 −40 −30 −20 −10 −1
ε G
S
/ε
F
2γ/pi
EXACT
16
FIG. 2: Ground-state energy εGS(n, g1D) of the HGYM (per particle and in units of the Fermi
energy εF ) as a function of the coupling strength 2γ/pi for a paramagnetic Fermi gas with repulsive
interactions (top) and attractive interactions (bottom). The exact results, obtained from the
solution of the BA equations (4)-(6), are compared with the fitting formulae in Eq. (21) and in
Eq. (23) (solid lines).
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FIG. 3: Density profile nGS(z) (in units of a
−1
‖ ) as a function of z/a‖ for a paramagnetic Fermi gas
with Nf = 10 atoms at λ = +2 and −2. The results of the BALDA/1 scheme are compared with
those of the BALDA/2 scheme. The thin solid line corresponds to the noninteracting λ = 0 case.
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FIG. 4: Evolution of the density profile nGS(z) (in units of a
−1
‖ ) with increasing λ in the BALDA/1
scheme, for a paramagnetic Fermi gas of Nf = 10 atoms with repulsive interactions (top) and
attractive interactions (bottom). The curve at λ = +∞ is the theoretical result given in Eq. (14).
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FIG. 5: Density profile nGS(z) (in units of a
−1
‖ ) as a function of z/a‖ for a paramagnetic Fermi
gas with Nf = 20 atoms at λ = +2 and −2. The thin solid line corresponds to the noninteracting
λ = 0 case.
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FIG. 6: Density profile nGS(z) (in units of a
−1
‖ ) as a function of z/a‖ for paramagnetic Fermi gases
with Nf = 20 and 50 atoms at λ = +2 (top) and λ = −2 (bottom). The results of the BALDA/1
scheme are compared with the Thomas-Fermi results.
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FIG. 7: Density profile nGS(z) (in units of a
−1
‖ ) as a function of z/a‖ for two Fermi atoms with
opposite pseudospins at λ = +1 and −1 (top), λ = +2 and −2 (middle), and λ = +10 and −10
(bottom). The results of the BALDA/1 scheme are compared with the exact results.
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FIG. 8: Ground-state energy per atom EGS/Nf (in units of ~ω‖) as a function of λ for two Fermi
atoms with opposite pseudospins. The results of the BALDA/1 scheme are compared with the
exact results.
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FIG. 9: A plot of the function h(x) = Γ(3/4+x/2)/Γ(1/4+x/2). h(x) has zeroes at x = −2n−1/2
and poles at x = −2n − 3/2, with n = 0, 1, 2, .... In order to find the GS energy of the 2-atoms
system one has to find the intersections of horizontal lines with the branch of h(x) in the range
−3/2 ≤ x < +∞. The upper (lower) half-plane is relevant for attractive (repulsive) interactions.
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